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Abstract—In this paper we propose a distributed algorithm to
track the average of time-varying reference signals at nodes (i.e.
dynamic average consensus) over networks with heterogeneous,
asymmetric Gilbert-Elliott (GE) type lossy channels. The algo-
rithm is robust to GE type network disruptions, (re)-initialization
errors and agents joining, faulty or leaving the network during
time. Necessary and sufficient conditions are formulated to assess
almost sure and mean bounded dynamic average consensus
according to the characteristics of reference signals. The proposed
conditions can be used for design purpose as they relate algorithm
step size, network connectivity and channel quality parameters
(e.g. recovery and failure rate) to the algorithm convergence.
Simulations confirm the effectiveness of the proposed algorithm
and design conditions in two representative validation scenarios.

I. INTRODUCTION

In recent years intensive research on consensus problems
has led to the formulation of distributed monitoring, con-
trol, and optimization algorithms for emerging applicative
paradigms such as cyber-physical systems, wireless sensor and
surveillance networks (see, e.g., [1] and references therein).
The cooperative, distributed nature of these algorithms relies
on network connectivity and link reliability to ensure their
effectiveness. In this respect the connectivity and packet lossy
of communication channels may be governed by a random
process, usually assumed as Bernoulli identical independent
distribution (i.i.d.). In real scenarios, wireless channels are
affected by fading, interference, and burst effects with cor-
related packet losses, making the Bernoulli model inadequate.
A more realistic alternative is the Gilbert-Elliott (GE) model,
which represents packet loss as a time-homogeneous two-state
Markov chain [2], [3], [4]. When extended to all network
links, this model is commonly referred to as Markovian packet
loss. This has motivated during last years a fruitful research
on consensus algorithms in the presence of Bernoulli and
GE/Markovian stochastic lossy channels. Sufficient and/or nec-
essary conditions for almost sure/mean square convergence of
static (resp. average) consensus to nodes initial state-depending
agreement value (resp. averaged value) has been assessed
under i.i.d. graph adjacency matrix process ( [5], [6]), Bernoulli
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algorithm updates [7], identical and nonidentical Markovian
dropouts [8], [9], [10], heterogeneous (symmetric/balanced)
random i.i.d. link failures [11]. A necessary assumption to
guarantee the convergence of the static consensus algorithm to
the average initial state values (i.e. static average consensus)
is that the graph/links failures have to be symmetric or at
least balanced. The packet loss is a stochastic process that
may affect the symmetry and balancing property of the graph,
yielding an error between the consensus value and the average
value of the initial states ( [12]). An interesting approach
proposed in [13] deals with the graph unbalancing effect due
to ii.d. Bernoulli packet losses in order to guarantee the
convergence of the static average consensus algorithm.

In practical applications of cyber-physical monitoring and
control systems based on wireless network architecture, the
commonly known dynamic average consensus algorithm (see,
e.g., [14], [1], [15], and references therein) is more appealing,
as it allows each node to estimate the average value of
measures of interest (e.g., average temperature, centroid of
mass of a robot swarm) in a distributed manner. Further,
dynamic consensus algorithms are essential building blocks for
distributed optimization. In deterministic scenario several ro-
bust dynamic consensus algorithms have been proposed to deal
with either initialization errors or agents leaving/joining the
network [16], [17]. Recently, [18] presented a novel dynamic
multi-stage cascade of dynamic consensus filters designed to
track the average value of inputs with a tunable error that
decreases progressively as the number of stages increases.
The filter is robust with respect to initialization errors and a
randomized implementation is devised when i.i.d. sequence
of edges are selected with uniform probability. In [19] an
extended multistage filter is proposed to track slowly varying
reference signals in the presence of time delays, heterogeneous
independent Bernoulli packet drops, and random noise. It
is employed a combination of Kalman filtering, multistage
consensus filtering, and predictive control to assess mean-
square dynamic consensus robust to initialization errors. A
tunable tradeoff between communication/computation cost and
stationary-state tracking error is shown. The above multi-stage
filters deal with independent Bernoulli type losses. In addition,
the implementation of a filter of order m requires a sufficient
memory storage and communication capability at node to han-
dle the m local variables received from each of its neighbors.
Moreover, the final dynamic consensus error is reduced as
far as the filter order m and related memory/communication
requirement increase. The underling or physical network graph
(with no packet losses) is assumed be connected, symmetric
or balanced (e.g. [11], [18], [19]).

With regard to the literature on discrete-time average con-



sensus algorithms in the presence of stochastic lossy channels,
specifically, the paper’s contributions are:
(1.) compared to the discrete time static consensus algorithms
in the literature ( [5]- [13]), a novel consensus-based algorithm
is devised to track the average of time-varying reference sig-
nals at nodes. The proposed algorithm is resilient to stochastic
heterogeneous Gilbert-Elliott type lossy channels and, notable,
does not exploit m-th order input differences. In addition,
it is robust to initialization errors, agents joining, faulty or
leaving the network at different points in time. The approach
is inspired by the corrective method originally proposed for
static average consensus with i.i.d. Bernoulli losses (see i.e.
[13] and references therein);
(2.) in contrast to existing dynamic consensus algorithms
that primarily address deterministic (i.e., [1], [14] - [17]) or
i.i.d. Bernoulli link disruption scenarios (i.e., [18], [19]), the
proposed algorithm extends them to address heterogeneous,
asymmetric, and correlated losses. Furthermore, necessary
and sufficient conditions are formulated to evaluate stronger
and varied types of convergence (i.e. almost sure and mean
bounded) towards the dynamic consensus equilibrium. Signif-
icantly, these conditions can be utilized for design purposes
as they delineate algorithm parameters, topology connectiv-
ity, and channel characteristics (i.e., initial loss probability,
recovery, and failure rate) necessary to achieve the desired
level of final consensus error. Another contribution concerning
the algorithm computation aspect is that the proposed strategy
requires less computational power and memory compared to
the multi-stage filters ( [18], [19]), thus making it more viable
for implementation on architectures relying on small devices
such as wireless sensor networks and low-power IoT networks.
Finally, the proposed convergence conditions may handle both
deterministic and stochastic reference signals, and their relation
with respect to the convergence defined in [11] is highlighted.
The rest of the paper is organized as follows. In Section
IT the notation and the problem framework are presented. In
Section III preliminary lemmas and proposition are introduced
and the main convergence results in the case of heterogeneous,
symmetric GE lossy channels are formulated. The latter are
then extended to the case of heterogeneous channels. A simu-
lation validation is carried out in Section IV, while conclusions
and future work are given in Section V.

II. PRELIMINARIES AND PROBLEM FRAMEWORK

Notation: We consider all vectors x = [x;] as columns
with i-th entry z;. ||z|| denotes the standard Euclidean vector
norm in Lo, |lz|| = />, 2, while I and 1 are the identity
matrix and a vector with all entries equal to 1, respectively.
|Y'| denotes either the absolute value if Y is a complex number
or the cardinality if Y is a finite set. For a matrix W = [w;;]
with element w;j, W7 represents its matrix transpose. P(A)
denotes the probability of an event A and E[X] is the expected
value of a random variable X. 17 is the indicator function with
1=1ifu>a,1* =0 for u < a.

We consider a realistic wireless network characterized by
GE lossy channels. The wireless network communications are
bidirectional although with asymmetric packet loss probabili-
ties. Therefore for every link, there will be a chance to recover

packet drops for both directions with positive (potentially
different) probability p. The physical or underling commu-
nication network is represented by an undirected (physical)
graph G = G(V, &) with the set of nodes V = {1,...,N}
and set of links & = {(¢,7) : 4,5 € V,p;; > 0}. The graph
is connected if there is a path between any two nodes. A GE
lossy communication link (¢,7) € £ is modelled by a two
state Markov chain such that in the GOOD state G the link
is active, while it is down in the BAD state B ( [2], [3]). Let
A(t) = [a;;(t)] the network adjacency matrix, the elements a;;
are affected by the state of the GE channels at each time step t.
Specifically, the state s;;(t) of the link (i, j) at step ¢ is related
to the element a;;(t) as follows: P(a;;(t) = 1) = P(s;;(t) =
G) = qS(t): Plag(t) = 0) = P(sy;(t) = B) = qB(t). In
addition: P(Sij (t + 1) = G/Sij(t) = G) =1- Qg5 P(Sij(t +
1) = B/s;(t) = G) = aij; P(sij(t + 1) = G/s;5(t) = B) =
Bl],P(S”(t -+ ].) = B/S”(t) = B) =1- ﬁij’ with Q5 is the
transition probability from state G to B (failure rate) and j3;;
from B to G (recovery rate). A generic link (7, j) at time step
t is in the GOOD state with a probability [2], [3]:

1
a5 (t) = @ij + Biy [455(0) (Bij + asj (1 — o = Bi)")+ (1)

qu(O) (Bij — Bi; (1 — aij — Bij)")],
while it is in a BAD state with probability:

1
ai(t) = oy + By [45(0) (aij — v (1 — i — Bi)") + (2)

a1 (0) (g + B (1 — iy = Biy)")],

where, without loss of generality, it is assumed 0 < a;;+05;; <
1. Each GE model representing a link can be considered
independent of the others and identically distributed, as their
transition and recovery probabilities are independent and con-
stant across links. However, within each individual link model,
there is an inherent correlation arising from its representation
as a two-state Markov chain. Therefore, with the occurrence
of packet dropout, the network’s topology fluctuates among
the set of graphs denoted as G = {Gy,...,G;}, which are
associated with the s states of the Markov chain corresponding
to the overall network, composed from both positive recurrent
and transient states. The set of possible states the network may
be in is determined based on the underlying physical graph
G and channel characteristics. This process can be accurately
represented by a finite and irreducible Markov chain, given
the finite number of different topologies in which the network
can actually exist. The irreducibility ensures that the chain will
return to the positive recurrent states infinitely often with prob-
ability 1 (unlike the transient states), regardless of its initial
state. We assume that at least one connected undirected graph
exists in G corresponding to a positive recurrent state. Notice
that such a graph could be the underlying topology G € G it-
self, as it is designed to guarantee sufficient connectivity when
losses are not present. Hence each link (i, ) € £ is governed
by a different GE model affecting the time-dependent network
adjacency matrix A(t) = [a,;(¢)]. Let D(t) = diag{d;(t)}
is the the (input) degree matrix with d;(t) = Z;.V:laij (1),



the Laplacian matrix is defined L(¢t) = D(t) — A(t). We
consider a graph without loops a;;(t) = 0 for ¢ € V and
t > 0. The Laplacian matrix is semi-definite positive with
eigenvalues 0 = & < & < --- < &p, and & is called
algebraic connectivity [20]. Herein we consider the following
discrete-time dynamic consensus protocol at sensor node i-th
that is an iterative version of one in [1], [14]:

N
ri(t+1) = @ilt) €3 a(1)(as (1)~ ai(1) + Ari(e), O

with z; € R is the estimation variable, Ar;(¢t) = r;(t) —
r;(t — 1) is the variation of the reference signal r; mea-
sured by the sensor node, and e is the step size fulfilling
0<e< m In compact form (3) becomes: z(t+1) =
W(t)x(t) + Ar(t), with W(t) = I — eL(t) and Ar(t) =
[Ar;(t)]. If e < mrarram the weight matrix W (t) defines a
row-stochastic Perron matrix (i.e., W (t)1 = 1) with eigenval-
ues distribution such that: 0 < |\, | < ... < |A| < A\ =1,
[20]. Being W (¢) row stochastic, algorithm (3) may be recast
ast @i (£ + 1) = 24(1) + 3070, wiy (1) (;(8) — 2:(8)) + Ari(?).
The aim of protocol (3) is to dynamically track in a distributed
way the average value of the reference signals sampled by the
network nodes, i.e. = SN | 7;(t).

We propose the Dynamic Corrective Consensus (shortly
DC?) algorithm in order to guarantee distributed tracking of
~ Zfil r;(t) by the node variables x;, despite the presence
of losses generated by GE type channels. Similarly to the
approach proposed for the static consensus [13], auxiliary
variables ¢;;(t) (later defined) are introduced to accumulate
disagreement state information. Let A;;(t) = ¢;;(t) + ¢;i(t),
the DC? algorithm is composed of the following standard and
corrective iterations:

I, Standard iteration for ¢t £ ¢, = u(K +1)— 1, u>1

o it +1) = dis(t) + wij (1) (;(t) — (1))

o wilt+1) =30 ¢t +1) +rilt)

I, Corrective iteration for t =t, = u(K +1)— 1, u>1

o ¢ii(t+1)=0y(t) — 5A45()

o m(t+1) =31, ¢ii(t+1)+rit)

In the standard iteration, the variables ¢;; accumulate link
state disagreement, while such information is corrected by
the formulation in the corrective algorithm phase. The initial-
ization phase of the DC? algorithm involves each node i to
distributively set its internal variables ¢;;(—1) = 0 and to run
a corrective iteration I5. Each node then repeatedly executes a
corrective iteration I, after every K standard iterations ;. For
the sake of notation, we denote the time steps ¢ at which the
corrective iteration is executed by ¢, = u(K + 1) — 1, where
u is a positive integer. The parameter K > 1 is a fixed design
value that defines the frequency of the corrective phase Is.
Consequently, the algorithm cyclically executes K iterations
I forte[(u—1)(K+1),u(K+1)—2] =[t, — K,t, — 1]
followed by one iteration of Iy at step ¢, = u(K + 1) — 1,
for v > 1. The number of applied corrective iterations u,
also represents the number of algorithm loops executed. Fig. 1
shows the timing of execution of algorithm loops composed of
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Fig. 1. Timing of the execution of the algorithm loop, which consists of K

iterations of I; followed by one iteration of I

K standard iterations I; and one corrective iteration I5. Such
DC? algorithm implementation makes it robust to initialization
errors and does not exploit input order differences. Moreover,
if a neighbor of a node joins/leaves the network, all of
its neighbours set the appropriate ¢;; to zero in order to
correctly neutralize the related contribution in the estimation
x;, making the algorithm also robust to re-initialization error.
The notion of robustness feature considered herein refers to
the algorithm’s ability to withstand stochastic link failures and
(re)-initialization errors, consistent with the literature (e.g. [1],
(161, [17], [13]).

It can be shown that the standard iteration [; is equivalent
to the standard dynamic consensus protocol (3), [1], while
the corrective iteration I, may be rewritten as: z;(t + 1) =
x;(t) — %Zj\le A;j(t) + Ar;(t). For the algorithm conver-
gence analysis purpose, in the following we will refer to the
equivalent latter forms.

Let the consensus error #(t) = z(t) — 41177r(t — 1), the
following definitions hold:

Definition 1 (Almost-sure dynamic average consensus):
The DC? algorithm achieves almost-sure dynamic average
consensus if for any initial conditions x(0) it holds:
P(limy— [|Z(2)] = 0) = 1.

Definition 2 (Mean bounded dynamic average consensus):
The DC? algorithm achieves A-Mean bounded dynamic
average consensus if for any initial conditions z(0) it holds:
lim, o0 E[||Z(¢)]|] < A, with A is a positive constant.

III. MAIN RESULTS

In what follows we present preliminary results, lemmas and
proposition that are instrumental in deriving the main results.
All analytical proofs of the new presented results will be
deferred to the Appendix to enhance the paper’s flow and
readability.

Lemma 1 ( [21]): Let 0 < B < 1, {3} be a pos-
itive scalar sequence such that lim; ., = 0, then
limy o0 3o 81y = 0.

Our aim is to derive dynamic evaluation and provide a
comprehensive bound on the consensus error after multiple
loops u of the algorithm (Theorem 1 later defined), according
to the timing in Fig. 1. To achieve this, we analyze the
consensus error after the first loop of the algorithm for v = 1
(Lemma 2 and Proposition 1 later defined), and then extend the
result to multiple loops to obtain the final bound. Specifically,



the following Lemma 2 is concerned with the evolution of
the consensus error over the course of the first K standard
iterations, t = 0,1,...,t; — 1 = K — 1, before applying the
first corrective iteration [5 at step ¢t; = K at the end of the
first loop u = 1 (Fig. 1).

Let Ar(t) == Ar(t)—%llTAr(t), A2 = E[|A(W(t—1))]],
to enhance conciseness in the upcoming derivations, we will
use the following notation:

ty—1

ST ATIE]Ar(s)]])- )

s=t,—K

Lemma 2: After performing the first K standard iterations
I, of the DC? algorithm, the following inequality holds:

Eflz(t)ll) < ASE[Z(0)]]] + f(t1) (5)

The following Proposition 1 provides the evaluation and bound
of consensus error when the first corrective iteration is applied
after K standard ones (Fig. 1). The corrective iteration I
aims to counteract the accumulated errors from the previous
K iterations caused by imbalances in the time varying network
topology due to the effects of GE packet loss.

Proposition 1: Let p;(s) = max;qf(s)qh(s), (s) =

\/Zf\;l ui(s), s > 0, under the application of the first
corrective algorithm iteration I at step ¢ it results:

t1—1
El#(t + D] < E[#¢)]] + v2e > 7 (s)E[|Z(s)]]
s=0
+E[||Ar(t1)]] 6)

The following Theorem 1 combines the result from the
standard iterations (as described in Lemma 2) and the effect
of the corrective iteration (from Proposition 1) during the first
loop u = 1, to iteratively provide a bound on the consensus
error after multiple loops v > 2. To improve brevity in the
upcoming derivations, we will adopt the following notations:

ty—1
(ty) =M+ V2 Y y(s)As (7)
s=t,—K
ty—1
g(tu) = 14+v2e > 4(s) ®)
s=t,— K

Theorem 1: Let K > 1 be the number of standard iterations
per loop. For any uw > 1, the following inequality holds:

E[l|#(t. + DI] < ] o) EIZO)]] + 15 - ig(tl)f(t )
j=1 i=1
IT o)+ 15> 1ar))- I vt) + glt) £(ta)
j:i+1~ i=1 j=i+1
+ E[||Ar(ta)|] )

where 1§ =1ifu>2,0or 15 =0if u < 2.
To evaluate the asymptotic behavior of the consensus error
as u — oo in (9), which is crucial for proving the main

result of Theorem 2, the following Lemma 3 and Corollary
1 are instrumental in providing bounds and decay rates for
the terms on the right-hand side of (9). Specifically, 1;;(s) is
depending on the GOOD and BAD state probabilities of the
channel connecting node j-th to node ¢-th. The next lemma
defines lower and upper bound ,uU and fi;; for pu;;.

Lemma 3: Let p;;(s) = q”( )ql (s) and defined v;; =
(45 (0)ei; — q77(0)Bis) (s — Bij)s & = (a5(0)aij —
qg(())ﬁij)z, Tij = TWi—en=F)’ then the following con-

ij ij
ditions hold for all (4, j) € &:

a) Ifv;; > 2§, then Vs > 0 it results: fif; ==

pij(s) < a5 (0)qf3(0) = jy:

b) if 2¢;; (1 Qi —Bi) <y < 25”, then Vs > 0 it re-

sults: ,u” = mln{%a‘]w (0 q” } < ,u’Lj ) <

lf
4 /’Ll’

9) 1f Vij < 26i; (1 — a5 — Bij)™, then Vs > 0 it results:

15y = a(0)a5(0) < puij(5) < 2ty = .
A direct consequence of the previous lemma and finiteness of
fij 18 that for any node there exist computable constants /i¥
and fi; of type [i}; and fi;» p € {a,b,c}, respectively, such
that max; p;;(s) < i and @? < min; p;;(s) for any s > 0.
In this respect, before of presenting the next result, we need
to define the following sets NP = {i € V : Vj, (i,j) € £, >
0, max; p;(s) < i}, p € {a,b,c}.

Corollary 1: Let NP detailed as above, p € {a,b,c},
defined the network channels-dependent parameter 4 =

b . 3. .
Ve 00020 + B+, g 28 then it re
sults: y(s) < 4 for all s > 0. Moreover, If G is connected
and p, == \K 4+ v/2¢5 2 <1, itresults: [[5_, v(t;) < p}.

The presented results hofd for both stochastic and determin-
istic reference signals 7;(t). In what follows we present the
main result about the DC? algorithm almost sure convergence
in the case of deterministic signals r;(t).

Theorem 2: The DC? algorithm achieves almost sure dy-
namic average consensus under symmetric and heterogeneous
GE channels if and only if:

A; @G is connected
Ay Ps < 1
Az limy_ o HAT( )| =0

Remark 1: Let the network features, i.e. number of nodes
N, average connectivity Ay (or one its estimation or upper
bound), and channels-dependent parameter 4, the parameters
K and ¢ of DC? algorithm can be designed to fulfill the
condition p; < 1 of Theorem 2 to assess almost sure dynamic
average consensus, for reference signals satisfying assumption
As. Notice that ¥ may be derived using Corollary 1 and
the (time-independent) conditions a)-c¢) of Lemma 3 by the
known/measured channel characteristics. Additionally, knowl-
edge of G or topologies of positive recurrent states enables
estimation of A, or its upper bound.

Remark 2: Asymptotically constant or slow varying refer-
ence signals satisfy assumption A3 of Theorem 2: this is also in
according with assumptions made in the literature, i.e. [16]. In
addition, Assumption Ajg is also fulfilled by reference signals
having the same asymptotically variation.

@ijBij

(aij+Bij)? —




The next Coreollary 2 states conditions for mean-bounded
dynamic average consensus as in Definition 2 for bounded
reference signals 7;(t).

Corollary 2: 1f assumptions A; and A of Theorem 2
hold and limsup ||Ar(t)|| < 6, then the DC? algorithm

t——+oo

achieves A-mean bounded dynamic average consensus, i.e.

lime o EJE@)] < A with A = (1 + 125) 222 (1 +

VEA(K — 1)) + 1] and & = M + VIR TV IAL

The following Corollary 3 extends the previous results to
the case of asymmetric and heterogeneous GE channels. In
this case, qg # q5, for (i,7) # (s, k) yields wi; # pj;. Let
are and ff" (resp. i€ and fif") such that g€ < minj p;;(s)
and fif" < min;p;(s) (resp. max;u;i(s) < jf¢ and
max; iji(s) < k™), s > 0, depending on the GOOD and BAD
probabilities in the reception and transmission of input and
output channels at node 14, respectively. Defined the following
sets: NP = {i € V : Vs,@f < min[gl", i7¢]} (resp.
NP = {i € V : Vs,max[l",if°] < @}), p € {a,b,c}h,
then the following result holds:

Corollary 3: The DC? algorithm achieves almost sure dy-
namic average consensus under asymmetric and heterogeneous
GE channels if and only if assumptions A; and A3 of Theorem

_ T 1 3K
2 hold and it results: p, = A\ + € %% <

Lowith Fo = 2(X;ene a7 (0)q(0) + Yienn ity +
ZiGN“ %) and 7. = 2(21'6]\7@ in(O)qu(O) +
i Y+ e xe %)

Remark 3: The approach extends to non-irreducible finite-
state Markov chains by decomposing states into irreducible
classes C; of positively recurrent states. Transitions occur
within each class, but not between classes. The method holds
as long as each C; includes at least one state representing a
connected undirected graph.

Remark 4: The A-mean bounded dynamic average consen-
sus can be also defined in terms of convergence in (c1,cs),
ie. limy,oo P(|Z(t)]] < ¢1) > 2, 1 > 0, ca € [0,1]
[11]. Indeed, exploiting the Markov inequality, it results:
limy oo P([Z(1)]| < c1) = 1~ limysoe P(|EE)] > 1) >
1—lims— oo [W] > 1— 2 with p equal to p, or p,
for symmetric and asymmetric GE channels, respectively. This
assesses convergence in (cy,¢s), with ¢g = 1 — %, if ¢; > A.

IV. SIMULATION VALIDATION

We will validate the design conditions in two scenarios
with an undirected graph G of N = 50 nodes. Links follow
Gilbert-Elliott models with random selected parameters o,
Bij, qg (0). In the first scenario, each node’s reference signal r;
is a randomly generated positive step at t = 0 and ¢ = 500. Ad-
ditionally, 30 agents leave the network at ¢ = 300 and rejoin at
t = 700, simulating either planned disconnection or temporary
faults. According to the design guidelines outlined in Remark
1, and given the parameters of the asymmetric/heterogeneous
GE channels (i.e., a;j, 5ij, qg(O)), by exploiting Lemma 3
we first derive the values N, = 17, N, = 25, N, = 8,
N, = 26, N, = 10, N. = 14. Consequently, by Corollary

o 100 200 300 400 500 600 700 800 900 1000

o 100 200 300 400 500 600 700 800 900 1000

Fig. 2. L2 norm of the network estimation error. Top: DC? algorithm
(continuous line) and standard dynamic consensus algorithm (dashed line);
Bottom: Mean bounded average consensus convergence of DC? algorithm.

3, the bounds %, and 4, are evaluated. Then, using the
topological information, we derive Ao < 0.81. Finally, based
on the values above, the number of standard iterations is
designed as K = 15 and the sampling time as € = 0.024,
ensuring that p, = 0.79 < 1, in accordance with Corollary
3. At the top of Fig. 2 the L, norm of the estimation error
of nodes composing the network during time (i.e. 50 for
t € [0,300), 20 for t € [300,700), 50 for ¢ > 700) is depicted
for both the proposed DC? and standard dynamic consensus
algorithm (3) [1]. 2;(0) are randomly selected for the DC?
algorithm to test its robustness, while they are correctly set for
the standard dynamic consensus algorithm. The results show
that the DC? algorithm (solid line) almost surely converges
and outperforms the standard approach (dashed line). The
DC? algorithm proves robustness against (re)-initialization
errors, node departures/joins, and disruptions from asymmetric
GE channels. Next, we consider bounded periodic signals 7;
and symmetric, heterogeneous GE channels. By exploiting
Corollary 2, given the final consensus error constraint A < 3,
along with the evaluated 4 and Ay < 0.77, we design K = 24
and ¢ = 0.021 to achieve ps = 0.38 < 1 and A = 2.9. The
bottom of Fig. 2 shows the network consensus error (solid
line) and the bound A (dashed line), demonstrating the design’s
effectiveness in meeting the constraint.

Notice that the proposed conditions and design method, as
shown in the examples above, leverage link-based bounds (e.g.
s Ya> Ya) instead of a global Markov model of the network
(e.g. [8]), which simplifies the design, ensures scalability,
and reduces computational overhead. They also enable precise
tuning of the key DC? algorithm and network parameters
to ensure either accurate performance (Theorem 2, Corollary
3) or effective consensus error control to fulfill a required
application constraint (Corollary 2). These features make the
method useful for applications where performance and error
constraints are critical.

V. CONCLUSIONS AND FUTURE WORK

The paper introduces a dynamic corrective consensus algo-
rithm to track the average of network reference signals 7;(¢). It
is robust against re-initialization errors, agents joining/leaving,
and disruptions in heterogeneous/asymmetric Gilbert-Elliot



channels. Conditions for almost sure and mean-bounded dy-
namic average consensus are established, depending on al-
gorithm/network parameters and signal characteristics. These
conditions facilitate algorithm and network design to attain
a desired level of consensus error. While stochastic r;(t) is
addressed, derivations are omitted for brevity. Current research
aims to extend the algorithm to a connected directed topology
G and validate it with a network simulator like NS-2.

APPENDIX

A. Proof of Lemma 2

Let #(t) = a(t) — £ 117r(t —1) and W(t — 1) %117 r(t —
2) = %1177 (t—2). During the application of the first K stan-
dard iterations I; (i.e. eq. (3)) at steps 0,..., K—1 = t;—1, the
following holds for t € [1,t1]: @(t) = a(t) — %117 (Ar(t —
D+rt—2) =WEt-1D=t-1) - % 11T (t—-2)+
(I — y117)Ar(t — 1) = W(t — D)(t - 1) + Ar(t — 1).
To analyze the system, the error is decomposed into the
consensus direction (1) and the disagreement directions (or-
thogonal to 1) using a well-known change of coordinate,
[1: ¢ = [eT el\]T = T7%, with T = [Tlﬁ R] and
R such that RTR = Iny_1, TTT = TTT = Iy. In
the new coordinate the model becomes: é;(t) = é(t — 1);
éan(t) = RTWReéyn(t — 1) + RTAr(t — 1). From the
algorithm initialization phase, involving a corrective iteration
and the setting ¢;;(—1) = 0 for a node ¢ and its neighbors
j, it follows: €1(t) = 0 for all ¢ € [0, K], being &;(t) =
- - N (@ (0)=ri(—1 0 44(0)
Ei(t—1) = & (0) = Za=ud (/N s

ie1 2251 (96 (=1 =¢;i(=1))

Wi = 0. Therefore from Cauchy-
Schwarz inequality: ||é]| < ||é2.n ||+ [é1] < ||[RTW Rég.n (t—
1)|| + [|[RT Ar(t — 1)||. Assumed W diagonalizzabile through
the orthogonal and unitary matrix R, being R~' = RT and
|R|] = ||RT]| = 1, it results: ||&(¢)|| < ||[R™*WR|[||é2:n (t —
D+ [[RTAr(t = 1)|| < [Po(W(t = D)llean(t — D] +
|Ar(E = DI < Pe(W(E = D)lle(t = | + [[Ar(t = 1)]].
Due to the norm-preserving property of unitary matrices, it
follows that: ||e|]| = [[T7Z]| = ||Z|| yielding to: ||Z(t)]] <
|A2 (W (t—1))|[|Z(t—1)||+||Ar(t—1)]|. Taking the expectation
yields E[Z()]] < ME[|Z(t — 1)II] + E[|Ar(t — 1)]], with
E[|A2(W(t = 1))]].
Usmg the latter inequality, applying the first standard iteration
I att = 0 yields: E[[|z(1)[[] < AE[[|Z(0)[]] + E[| Ar(0)]]].
Applying the second iteration [y at t = 1 gives: E[||Z(2)[|] <
ME[[Z(1)]]] + E[|Ar(1)]|]. Substituting the previous re-
sl fo EfJa (V)] it el E[JZ@)]] < allz0)l] +
XoE[[|Ar(0)|] +E[||Ar(1)]|]. Hence, applying K iterations Iy
and incorporating the notation (4) e obtain: E[||Z(¢1)]|] =
E[||#(K)|] < AE[|2(0)|[]1+ 32 ME[|Ar(K-1-5)[] =
MSE[|Z(0)]]] + f(t1), and the result follows.

B. Proof of Proposition 1
The first algorithm corrective iteration I is taken at ¢t =

t1 = K after the initial K standard iterations /1. By introduc-
ing the variables 6;; (t) = w;; (t)(Z;(t)—Z:(t))+w;i (¢)(Z: () —

Z;(t)) and considering the definition of ¢,; during the iteration
I, the first corrective iteration I, given by z;(t1 + 1) =
zi(t1)—3 Z;\Z:l A;;(t1)+Ar;(t1), can be concisely expressed
in terms of the tracking error z J%fter some manipulations:
2i=10i1(s)

Bt +1) = #(t) - § 20 +Ar(th).

v
L. D i1 0in (s)
The application of firstly the Lo-norm operator ||-|| and then
of the expectation one E[-] yields:

t1 1 2
E[|Z(t, + 1)|] < E[|l#(t1)] + an Z(Zéu ) ]
+E[[|Ar(t)]] (10)

Considered the second term of RHS of (10), from the law of
total expectation and Jensen’s inequality we may infer:

lZ(Z% )2 ;(2% o) =0

Jj=1
(11
2
Jj=1
The radicand of the last term in (11) may be recast as:
N /N 2 N N
E (Z 5”-(5)) ]:z(s)] =E|) ) a(s)+
j=1 \i=1 j=1i=1
N N N
> %(s)cszj(s)]ﬂs)] =33 B (5)[(s)
G=114,1=1,1%#: j=1i=1
N N )
=D El(wij(s) — wjils)) 1(F;(s) — #i(s))? (12)
j=1i=1
with: E[(wi;(s) — wyi(s))?2] = @Ela(s)] + Ela?(s)] -
2e?E[a;;(s)|Elaji(s)]. In what follows for the sake of
presentation, We assume symmetric heterogeneous GE

= ¢¢, for (i,5) = (s,k), otherwise
qu # ¢S for (i,j) # (k,s)), deferring later the
extension to the asymmetric case. Therefore we may

infer: Z] 1Zz L El(wig(s) — wji(s))?1(Z(s) — #4(5))* =
Z] 122 126 a5 (s) — (afi(s ))2](1’ (s) — @(s))® =

J
2¢2 ZJ SN i (s)(#5(s) — #:(s))%. From assumption
on the symmetry of  communication  channels,

channels (eg qU

it resultss D0, S0 p(s)(F(s) — @a(s)? =
Z] 122 1/‘13() 2(5) + Z] 121 1Uzj( )z (s) -
22}\:{; 121 1 1 (8)T5(8)Z;(s) = Z] 121 1 Hig (s )5? (s) +
Z Zz 1#32( $)T ( ) — QZ] 121 1 1ji(8)T ) i(8)Zi(s) <
Zz:1/~%()zg 1 ]() + Z] 1#]()2 #3(s)  —
21y (8) D E($)E () = 2300, s ()P -
23 (s) iy &5 ()Ei(s) < 43000, pa(s) ()12, with



wi(s) = max; p;;(s). Combining the latter derivations with
(11) and (12), it results:

Z(Z% ) ] < VBey)E[IZ(s)]  (13)

j=1

with y(s) = 1/ 31, (). Finally, combining (10) and (13)

the inequality (6) follows.

C. Proof of Theorem 1

To estimate the consensus error bound along the first algo-
rithm loop (v = 1), we can leverage the results of Lemma
2 and Proposition 1. Exploiting (5) of Lemma 2 in (6) of
Proposition 1 yields:

CE(J( + D} < AFE[RO)I] £6(0) + V26 ! 5(6)
[ASE[[2(0 M+ f(s)] + E[[|Ar(t)]] = A+
fezs o V() AS]E[Z(0)][]+ [14+v2e 055" ()] f(t1) +

E[||Ar(t1)||], where the latter inequality has been derived
exploiting the inequality f(s) < f(t1) for s € [0,t]
and factoring the terms out. Using the definitions of
f(t1), v(t1) and g(t;) from (4), (7) and (8) for u = 1,
respectively, the above inequality can be compactly written as:
Efllz(t1 + DI < (@) E[[|Z(0)[1+9(t2) f (t1) +E[||Ar(£2)]]].
By similar computation at the second algorithm’s loop for

u = 2 it results:
[Hf?(terl)lH < w()E[[Zt + D] + g(t2)f(t2) +
E[l|Ar(t2)]] v(t2)v(t)E[|IZ(0)[I]_+ v(t2)g(t1)f(t1) +

v(t2)E] IAT(tl)IH + 9(t2)f (t2) + E[|[Ar(t2)]]]-
Finally, applying u algorithm iterations yields inequality (9).

D. Proof of Lemma 3
From expressions (1) and (2) of q” and q” we may
derive: :U’TJ( ) qZ]( )qzj( ) (al./l,_#])?( - Q45— 67])

S (1~ ) with vy, = (42 (0, —
453(0)B:5)(cij — Pij) and & = (qiﬂ'(o?a? (D)8
Moreover: fi;;(s) = (1 — a;; — Bij)° - %[%J -
251]( — Q5 — ﬁzg) ]

Let 0 < a5 + ﬁ” < 1, and 7;; be sufficiently large, for ex-
ample, 7;; = m such that the term (1—ca;;—05;;)°
can be regarded as vanishing for s > 7;;, and p;;(7i;)
reaches a stationary regime, ie., p;;(7;) =~ pij(co) and
ﬂij(Tij) ~ 0. Let the expression of ,U,”(S), if Vij > 252]
then the function p;;(s) is decreasing Vs > 0 such that
i~ (i) < pig(s) < g (0) = g5(0)g5(0), and
condition a) follows.

If 26;; (1 — a5 — Bij)™9 < 35 < 2&;5, from the expression
of f1;;(s) and the continuity of ;;(s) on the compact [0, 7],
there exists s* € (0,7;;) such that p;;(s) is increasing for

vii
5 < s* and decreasing for s > s* = %
In addition from the continuity of /1;;(s), f1;;(s) — 0 for s —
oo. Then there is only one change of derivative sign for s €
[0, 00). Hence 1;;(s) has the unique maximum at s* with value

, where s*

,uij(s*) = l . This also yields: uij(s) > min{uij (Tij),,uij(())},
with Hij(Tij) ~ (5. 45y Hence condition b) follows.
Finally, if v;; < 2&;; (1 — a5 — B55)7, the function p;;(s)
is increasing Vs € [0,7;;] such that 1;;(0) < p;;(s) <
,U/ij(Tij) o~ % Furthermore, /:Lij(Tij) ~ ( for s > Tijs
with fi;;(s) — 0 for s — oo. Hence condition c) follows.

E. Proof of Corollary 1
Let a /if for each set N?, p € {a,b, c}, and being y(s) <

\/Eiez\?a A5+ D e i B+ 2 e A5, it results for any s:

Nb ;B N

() €\ Tiene €€ (0P (0) + T + 50, 5o 525 =4
and the first part of corollary follows.

The second part of corollary follows observing that from (7)

we may infer:
Mot = I (XK+¢§eZtJ‘:1 ()5\3) <
Tl (8 +vEedy 158 ) < (A +vaaise )

The last inequalities follow accountmg for v(s) < 4 and

. tj— s —K1-)K 1 2

observing that: > 7 )\2 = )\2 - AQ < )\ ,
A2 € (0,1) since the network Markov chain is 1rredu01ble and
there exists at least one positive recurrent state associated with

a connected undirected graph.

where

FE Proof of Theorem 2

(Sufficiency) Under the assumption of deterministic signals
ri(t), let Arp(ty) = maxiep, — ¢, —17 ||A7(t)|| then from
(4) and (8) the follow}i{ng bounds may be derived for any wu:
Ftu) < Arpg(t,) 532 and g(t,) <1+ vV2e9(K — 1),

Given assumption A;, applying the derivation for j =i+ 1
as shown in the second part of the proof of Corollary 1
yields the bound: []%_,  v(t;) < 9%, where & = A\ +

j=it+1
V264 K“)l ’\2 . Notice that ¢ € (0, 1), being from assump-

tion A2 0< U < ps < 1. Exploiting the above bounds on f,
g, [1j—i 11 v(t;) in the second, third and fourth term of the
RHS ‘of inequality (9) of Theorem 1 yields:

u

E[l|2(t, + D[] < [ ot 0)[1+ (14)
j=1
u < 1 5‘5( L=, ~U—1
15 [1+V2e4(K - 1)] oy Z?J Arp(t;)  (15)
i=1
) 11—\
+[1+\/§€’Y(K—1)]1 s Arar(t) (16)
— N2
u—1
1y > 8 A ()] + || AT ()| an
i=1

We evaluate lim, o E[||Z(t, 4+ 1)]|]. For the term (14) it
results lim,, o Hj Lv(t)E[||2(0)]]] = 0, by assumptions
Ay, Ay and Corollary 1. From As, li (t4)|| = 0 and
limy, oo Arps(t,) = 0. Hence, the term (16) and the last term
in (17) are vanishing as u — co. As © € (0,1) and A3 holds,




the term (15) and the first term of (17) are asymptotically null
by Lemma 1. Hence, it results: lim, o E[||Z(¢, + 1)|]] = 0.
Due to the generality of the chosen subsequence starting point,
the above convergence result also holds for all K subse-
quences {E[||Z(t, + h)||]}w, obtained for h = 2,... K + 1.
Hence lim;,o E[||Z(¢)||]] = O. Finally, by Fatou’s Lemma,
0 < Ellimi_oo||Z(t)]]] < limy—oo E[||Z(¢)]]] = 0. Hence,
P(lim; 00| Z(t)]] = 0) = 1, and the result follows.
(Necessity) Assume the physical graph G is disconnected.
Then, at least one agent does not exchange information with
others. Consequently, there exists an initial state vector x(0)
for which dynamic average consensus fails with non-zero
probability. Hence, the state does not converge in probability,
and thus almost surely, to the average of the reference signals.

G. Proof of Corollary 2
By the assumption 1imsup||&“(t)|\ < 0 and arguments
t

—
from Lemma 1, we infer (s(i?nilar to the proof in [21]: omit-
ted for brevity): limy oo D iy ! gu— ZATM( i) < 0% and
limy, o0 Y0 04| |AF(1)]] < . Exploiting the above
bounds in (14) (17) of Theorem 2it results hmu_mo [1Z(t,+

Il < 1*2%1+vfemK’1» s+ A 01+ v2eA (K -

))+9 +0 = ;2(1+fev< 1)1 + +%5) +
0(1 +

) = A Slnce this also holds for the subsequences
{]E[||:E( + )|} for h =2,..., K + 1, the result follows.
H. Proof of Corollary 3

Due to space constraints, we provide only a brief sketch of
the proof for the result analogous to Proposition 1, tailored
to the asymmetric/heterogeneous GE channels case. Being
q0 # 5. for the term in (12) it results: E[(w”( ) —
wjl(s))2] =€ [qzj + q]z - qu q]z] =€ [qzy + q]z - 2q (1 -
) < o+l + @)+ @) = el -
pl = BJ ji i/ 2 7L g
qL]%) + (1 - Qﬂ) (qj’L) ] [ qzjqz] +1- Qﬁ(l -
qj;)] =€ 21— ﬂm( s) — w;:(s)]. Therefore, (12) can be upper
bounded as: ZJ 12,_ E[(wi;(s)—w;i(s))?)(&;(s)—i(s))?
= NZj:lNZz':l [l — pij(s) *uji(sg](ij(lsv) —3i(s))? = ¢
Zj:l Zi:l(‘%j](\}s) - %\1[(3))2_ e Zj:l 2 Hi (s)(Z;(s) —
i(9))? — € 30500 2imy Mii(5)(E5(s) — Fi(s))? < 262(N +

1)[F5(s)|I” — 26 S0 (A + ) [F6(5) P + 26 S0 (Al +
T = PR LT
;)/1 = 27,:1(/1?’ =+ 'a?e) (resp, "3/1 = E ( + ’W’e))’

Hre

a7 < ming p;;(s) (resp. max; pij(s) < pfe) and air <
min; p;;(s) (resp. max; pji(s) < al"), s > 0. By Lemma
3 and definition of NP (resp NP), We get a lower bound
;Ya = 2<Z’LGNC qZG(O) ( + Z’Ler ,U/7 + EzENQ (a +%1)2>
(resp. upper bound #,) such that 4, < 41 (resp. Y1 < Ya)-
Applying (11) and (10) from Proposition 1, we obtain an
inequality analogous to (6) for this case: E[||Z(t1 + 1)]|]

E[l|2(ty)]] + € o/ FHEFeEE 2 (s)]] + |Ar()].

Using the latter inequality, the proof follows similar arguments
as in Theorem 1 and Theorem 2.
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